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1. INTRODUCTION 

     Gas–liquid bubble columns are commonly used as 
multiphase reactors in chemical, biochemical and industrial 
process, etc., for its advantages such as a high mass and 
heat transfer and an effective inter-phase contact [1-4]. In 
bubble column, the motion of bubbles can be very complex 
due to high density and viscosity ratios. It is also difficult to 
obtain an accurate mathematical model that can be used to 
calculate the bubble rise velocity in various physical 
properties and system parameters. The bubble rise 
behaviours are strongly depends on a bubble size and gas-
liquid properties likes density, viscosity and surface tension 
[2]. Therefore, it is important to understand the basic 
knowledge of the complex bubble flow. In recent year, 
computational fluid dynamics (CFD) with the enhancement 
of numerical algorithms and computing power, a better 
physical understanding of two-phase flow problem likes a 
single bubble rising behaviour can be obtained.  
The volume of fluid (VOF) method in the Ansys-Fluent 
CFD commercial package [20] has been used for simulation 
of the two-phase flow. VOF is a well-known technique for 
an interface tracking of the motion of all phases, which is 
included in the governing equation and continuum surface 
force (CSF) equation at the interface[5-10]. In addition, the 
level-set (LS) method [6, 11, 12] is used with VOF to 
improve the interface tracking and bubble shapes in the 
current study. 
     The purpose of this study is to carry out numerical 
investigations of gas bubbles of different sizes rising in 
water in different shapes of column. 

 

 

 

 

 

 

 

 

 

 

 

 

2. METHODOLOGY 

     For incompressible flow and a constant density fluid, the 
continuity and momentum equations are as follows- 

∇.u = 0                       (1)  

𝜕𝜕(𝜌𝜌𝐮𝐮)
𝜕𝜕𝜕𝜕

+ ∇. (𝜌𝜌𝐮𝐮𝐮𝐮) = −∇𝑝𝑝 + ∇. τ + 𝜌𝜌𝐠𝐠 + 𝐅𝐅𝒃𝒃                     (2) 

𝜏𝜏 = [𝜇𝜇{∇𝐮𝐮 + (∇𝐮𝐮)𝑇𝑇}] 

where u is the velocity vector,𝜌𝜌is the density and 𝜇𝜇is the 
viscosity, p is the pressure, g= (0, −g) is the gravitational 
acceleration and 𝜏𝜏 is stress tensor. 
     The dynamic stress balance is realized through the CSF 
model, which is incorporated in the momentum equation by 
introducing a volume force Fb 

13
as described by Brackbill et 

al. [ ]. This localized volume force is calculated from the 
volume fraction data using 

𝐅𝐅𝐛𝐛 = σ𝑘𝑘(x)𝐧𝐧�
∇F�(x)

[F]  .
𝜌𝜌(x)
[𝜌𝜌]                                                     (3) 

where k is the curvature of the interface. The interface 
characteristic parameters of the outward normal 
vector  𝑛𝑛�  and the curvature k are calculated by 

𝑘𝑘 = −(∇.𝒏𝒏�) =
1
𝒏𝒏�
��
𝒏𝒏�

|𝒏𝒏�| ∙ ∇�
|𝒏𝒏�| − (∇ ∙ 𝒏𝒏�)�                        (4) 

𝒏𝒏� = �𝑛𝑛�𝑥𝑥𝑛𝑛�𝑦𝑦� ;  𝒏𝒏� =  
𝒏𝒏�

|𝒏𝒏�|                                                           (5) 
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The curvature k is given in terms of  𝒏𝒏�  and |𝒏𝒏�| to ensure the 
main contribution from the finite difference approximation 
of k comes from the centre of the transition region rather 
than the edges [13]. 
     In VOF method, the motion of the gas-liquid interface is 
tracked based on the volume fraction function, F. When F is 
unity, the space is occupied by the liquid phase, when F is 
zero, the space is occupied by the gas phase and when F is 
between 0 and 1, the space contains both the gas and liquid 
phases. The standard advection equation for F is given by 

𝜕𝜕F
𝜕𝜕𝜕𝜕

+ ∇. (𝐮𝐮F) = 0                                                                      (6) 

 
The volume tracking algorithms are used to capture the 
interfaces. In this current study, the Piecewise Linear 
Interface Construction (PLIC) algorithm [14] is adopted to 
solve Eq. (6) and to reconstruct the interfaces since it has a 
high accuracy. The mixture properties used in Eq. (2) can 
be defined by 

𝜌𝜌(F) = F𝜌𝜌𝑙𝑙+ (1−F)𝜌𝜌g                                   (7) 

𝜇𝜇(F) = F𝜇𝜇𝑙𝑙+ (1−F)𝜇𝜇g                      (8) 

     The level set method [15, 16] is used with VOF method 
for the current study is the level set. The level set function 
𝜑𝜑(𝑟𝑟, 𝑡𝑡) is defined by- 
 

𝜑𝜑(𝑟𝑟, 𝑡𝑡) = �
     +𝑑𝑑        in liquid region

0        at interface
−𝑑𝑑        in gas region

�                                 (9) 

 
where d is the shortest distance of a point r from the 
interface at time t. And the level set equation is given 
 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝐮𝐮 ∙ ∇𝜑𝜑 = 0                                                                     (10) 

 
Therefore, Eq. 2 can be written as  
 

𝜌𝜌(𝛼𝛼�) �
𝜕𝜕𝐮𝐮
𝜕𝜕𝜕𝜕

+ ∇. (𝐮𝐮𝐮𝐮)� = −∇𝑝𝑝 + 𝜌𝜌(𝛼𝛼�)𝐠𝐠 + ∇. τ + σ𝑘𝑘∇α�    (11) 

𝜏𝜏 = [𝜇𝜇(α�){∇𝐮𝐮 + (∇𝐮𝐮)𝑻𝑻}] 
 
where 𝛼𝛼�  is the smoothed void fraction and 𝜎𝜎 𝑖𝑖𝑖𝑖 represents the 
surface tension. The smoothed void fraction field in the 
CLSVOF method is defined using a smoothed Heaviside 
function 𝐻𝐻𝜀𝜀(𝜑𝜑), defined as 
 

𝛼𝛼� = 𝐻𝐻𝜀𝜀(𝜑𝜑) = �
1                                       𝑖𝑖𝑖𝑖𝑖𝑖 > 𝜀𝜀

1
2

+ 𝜑𝜑
2𝜀𝜀

+ 1
2𝜋𝜋
�sin 𝜋𝜋𝜋𝜋

𝜀𝜀
�    𝑖𝑖𝑖𝑖|𝜑𝜑| ≤ 𝜀𝜀 

0                                     𝑖𝑖𝑖𝑖𝑖𝑖 < −𝜀𝜀

�            (12) 

Since the density and viscosity of each fluid is constant as 
the fluid is assumed incompressible, they take two different 
values as follows 
 
𝜌𝜌(𝜑𝜑) = 𝜌𝜌𝑙𝑙𝐻𝐻(𝜑𝜑)+ [1−𝐻𝐻(𝜑𝜑)]𝜌𝜌g                    (13) 
𝜇𝜇(𝜑𝜑) = 𝜇𝜇𝑙𝑙𝐻𝐻(𝜑𝜑)+ [1−𝐻𝐻(𝜑𝜑)]𝜇𝜇g                    (14) 
 
Where H (𝜑𝜑) is the Heaviside function given by 
 

𝐻𝐻(𝜑𝜑) = �
1         𝑖𝑖𝑖𝑖𝑖𝑖 > 0
1
2
        𝑖𝑖𝑖𝑖𝑖𝑖 = 0

0        𝑖𝑖𝑖𝑖𝑖𝑖 < 0

�                                                      (15) 

 
     In the current study, water is used as the primary phase 
(liquid) and air is used as secondary phase and the physical 
properties of the water and the air are shown in Table 1. 

Table 1: Physical properties of the liquid and gas in the 
simulations 

Phase Density 
(kg/m3

Viscosity 
(Pa.s) ) 

Surface Tension 
(N/m) 

Primary (water) 998.2 1.789e-5 0.0728 
Secondary (air) 1.225 0.001 - 
 
2.1 GEOMETRY CONFIGURATION 

     Two dimensional (2D) domain is used to study the flow 
of a single bubble in a column. The column basically has a 
height of 100mm and a width of 50mm to form a 
rectangular domain. The width of the top wall is reduced to 
form a trapezoid domain which shown in Figure1. 

 

Fig.1: Computational domain of rectangular domain and 
trapezoidal domain. 

     At initial stage of a simulation, an air bubble is imposed 
at the centre and 10 mm height from the bottom of the 
domain. In this study, three bubble sizes of 3, 4 and 5 mm 
diameter is studied. The bubble in a quiescent liquid will 
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rise under the action of the buoyancy force and the bubble 
rising velocity and its characteristics will be numerically 
investigated.  

2.2  BOUNDERY CONDITION AND NUMERICAL 
METHODS 

     The side and bottom walls of the domain are assigned as 
no slip boundary condition and the top wall as pressure 
outlet boundary condition. The operating pressure is set to 
be equal to the ambient pressure, i.e., 101325 Pa and the 
gravitational force (g) of 9.81 m/s2 

     The continuity, momentum and volume of fluid fraction 
equations were solved using the Ansys-Fluent CFD 
commercial package, which is based on the finite volume 
method. The second order upwind scheme  was used for the 
flow equations[

is assigned along –Y 
direction. 

17]. The pressure implicit with splitting 
operators (PISO) algorithm was applied to solve the 
pressure-velocity coupling[18], which allows a rapid 
convergence rate without a significant loss of solution 
stability and accuracy [17]. Pressure was solved using a 
body force weighted scheme and an implicit body force 
treatment was applied to improve the solution convergence. 
The Fluent transient model based on an explicit scheme 
with a time step of 0.0001s is used which gives a Courant 
number of 0.25. 

2.3 MESH DEPENDENCY TEST 

     The effect of a mesh size on results was investigated 
using three types of meshes in the rectangular domain. The 
dimensions of each cell in these meshes are 
0.20mm×0.20mm, 0.25mm×0.25mm, 0.30mm×0.30mm 
respectively. A structured mesh as shown in Figure 2 is 
used.  

     
                           (a)                                      (b) 

 
Fig.2: (a) Physical model of single bubble rising process 
for 0.25mm× 0.25mm mesh size. (b)Zoom view on mesh 

around the bubble. 

The bubble rising distance with the increase of time in 
second is shown in Figure 3 for the different meshes. 

 
Fig.3: Mesh dependency test for different types of mesh 
based on 4 mm bubble diameter in rectangular domain. 

The results from the mesh with the cell size of 
0.20mm×0.20mm are almost the same as that from the cell 
size of 0.25mm×0.25mm. The results from 
0.30mm×0.30mm mesh size slightly differ from that of 
other meshes especially beyond 0.2s. The results mean that 
the optimum accuracy can be reached with 
0.30mm×0.30mm mesh size. The less dense mesh of 
0.25mm×0.25mm is selected based on the accurate results 
to reduce computational requirements.  

3. RESULT AND DISCUSSION 

3.1Validation of CFD model 

     Figure 4a shows the rising velocity of a bubble as a 
function of time for the rectangular column.  

 
Fig.4a: Bubble rising velocities versus time for different 
bubble size in the rectangular domain (Solid line) and 
trapezoidal domain (Dot line). Such data from Ma et al. [8] 
is also included (Dash line) for 4 mm size of bubble. 
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The results from our CFD models checked against the 
numerical and experimental results of D. Ma et al. [8] for 
4mm bubble diameter. The results are quite consistent to 
each other with small differences. In addition, the terminal 
velocity from our CFD models are also compared with that 
obtained using Mendelson equation and Clift et al., which is 
found in Krishna et al.[19] and the equation was given as 
Vb=SF×(2σ/ρ ldb+gdb/2)1/2, where SF=[1-(db/Dt)2]3/2

Bubble 
diameter 

(mm) 

. The 
comparison is shown in Table 2 and the differences are less 
than 5% for 3-5mm bubble diameters. This suggests that 
the CFD models are capable of predicting accurate results.  

Table 2: Comparisons between simulation results and 
correlation for different size of bubble [19]. 

Correlation 
(m/s) 

Simulation 
(m/s) 

Error (%) 

3 0.249 0.237 4.81 
4 0.233 0.225 3.43 
5 0.227 0.216 4.84 

 
3.2 Bubble rising velocity  

     Figure 4a shows instantaneous velocities of bubbles of 
3-5mm diameters in the rectangular domain and trapezoidal 
domain with respect to time increase. From the initial 
condition up to 0.1s, the velocities of the bubbles have a 
steep increase to a peak value of 0.22m/s in the both 
domains. Following that, the velocities do not change much 
and remains almost constant around that value in the 
rectangular domain. However, this is not the case in the 
trapezoidal domain where the velocity drops from the peak 
value at 0.15-0.18 seconds before settling near 0.18 m/s 
velocity.  

     The difference of velocity of each bubble in the two 
different columns is shown in Figure 4b in percentage.  

Fig.4b: The difference of the bubble rise velocity between 
rectangular domain and trapezoidal domain for different 

size of bubble. 

It can be seen that up to 0.15s, the differences are very 
small. Following that, the difference increases for all 
bubble sizes. In general, a larger difference occurs for a 
larger bubble size and vice versa which can be clearly seen 
at time 0.2-0.35s. For example, the difference is about 23% 
and 28.5% for 3mm and 5mm bubble diameters, 
respectively at 0.35s. This results show that trapezoidal 
column have more effect to a bigger bubble and slows 
down the rising of the bubble.  

     Figure5a shows the bubble rising distance with the 
increase of time up to 0.4s for the three bubble sizes in the 
two different domains.  

 
Fig.5a: Bubble rising distance at different times for 

different bubble size in rectangular domain (solid line) and 
trapezoidal domain (dot line). 

 
It is observed that up to 0.15s, there is no significant 
difference in distance for the bubbles moving up from the 
initial position of 10 mm to 40 mm in the both domains, 
which is up to 0.15s. Following that, the rising distance is 
not the same for the bubble in the domains. The distance is 
the highest for 3mm bubble in the rectangular channel and 
the lowest for 5mm bubble in the trapezoidal channel.  

     Figure 5b shows the percentage difference in distance 
for the bubbles between the two domains.  

 
Fig.5b: The difference of the bubble rising distance 

between rectangular domain and trapezoidal domain for 
different size of bubble. 
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It is found that from the figure up to 0.15s, the differences 
are very small. Following that, the difference increases for 
all bubble sizes. In general, a larger difference occurs for a 
larger bubble size and vice versa. For example, the 
difference is about 13.75% and 17% for 3mm and 5mm 
bubble diameters, respectively at 0.35s.  

3.3 Bubble flow field 

     In this study, the liquid phase was completely at rest 
initially due to zero velocity condition. Generally, a single 
bubble goes to upward due to the buoyancy force and a 
fluid jet forms at the bottom of the bubble. This jet is 
pushed the lower surface of the bubble up towards the top 
surface [21]. The pressure gradient at the lower surface of 
the bubble is greater than at the top surface of the bubble. 
Due to this pressure differences, the vortex is forms at the 
surface with has a rotation and liquid jet that pushes into the 
bubble from below [21]. The bubble is deformations due to 
this liquid jet. Generally, the smaller bubbles face less 
deformation than their larger bubble. 

     Figure 6a and 6b, represents the vorticity magnitude for 
5mm size of bubble in different domain. As seen from 
Figures, the bubble rose in upward direction and the 
maximum vortices was located on the side of the bubble in 
both rectangular and trapezoidal domain. As seen Figure 
6b, secondary vortices were formed due to more 
deformation of bubble that happened by the shape of the 
domain as well as effect of wall. 

 
Fig.6a: Velocity vectors of 5mm bubble in rectangular 

domain at time, t=0.35s. 
 

 
Fig.6b: Velocity vectors of 5mm bubble in trapezoidal 

domain at time, t=0.35s 
 

4. CONCLUSION 

     In this paper, the different sizes of bubble in water in 
two types of domains have been studied numerically using 
VOF method. The bubble velocity from the CFD models is 
in good agreement with that from literatures. This study 
shows bubble velocity is affected by the shape of a column. 
The bubbles velocity is higher in the rectangular domain 
and lower in the trapezoidal domain. The effect of wall is 
apparent in the trapezoidal domain. The velocity 
distribution around the bubble was also investigated. In the 
rectangular domain, the bubble deformation is minimum 
compared to that in the trapezoidal domain.  
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8. NOMENCLATURE 
 

Symbol Meaning Unit 
G 
H 
p 
𝜇𝜇 
ρ l 
𝜎𝜎 

Vb 

d

gravitational acceleration 
Heaviside function 
Pressure 
viscosity of fluid 
density of fluid 
surface tension coefficient 
Terminal velocity 
bubble diameter b 

(m/s2) 
 

(Pa) 
(Pa s) 

(kg/m3) 
(N/m) 
(m/s) 
(mm) 

D Column diameter 
Scale factor 

t 

SF 
(mm) 

[-] 
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